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Abstract 
A general theorem (Theorem 1) concerning when spaces are not ultrapure in the sense of 
Arhangel’skii is proved. Arhangel’skii, in conversation, asked whether realcompactness implies 
his concept of ultrapurity and whether there are ZFC examples of astral spaces which are not 
ultrapure. TodorEevE in (1984, Theorem 0.6) describes a class of spaces all of whose members 
are hereditarily realcompact. These spaces satisfy the hypothesis of Theorem 1 and are thus not 
ultrapure. Since some of these spaces are ZFC examples this answers both questions. These spaces 
and Theorem 1 are also applied, using an idea of Sakai (1986), to produce ZFC examples of spaces 
which are neat in Sakai’s sense but not pure in the sense of Arhangel’skii. Sakai (1986) has a CH 
example of such a space. 0 1999 Elsevier Science B.V. All rights reserved. 
Keywords: Isocompactness; Ultrapure; Astral; Pure; Realcompactness; Neat; Weak S&refinability 
AMS classijcation: 54D20; 54620 
1. Introduction and preliminaries 
The main purpose of this paper is to establish the statement of the title. The topic comes 
under the general heading of isocompactness, where a space is said to be isocompact 
if and only if closed and countably compact subspaces of it are compact. A number of 
well-known covering properties imply isocompactness. For information about this see 
the articles by D.K. Burke [2] and J.E. Vaughan [9]. The main results of this article stem 
from considering the isocompactness properties defined by Arhangel’skii in [ 11. 
Definitions (Arhangel’skii [ 11). 
(1) An interlacing on a space X is a countable collection E = {&: n E w} such that 
each &,, C: P(X) and: 
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(a) UUE=X. 
(b) For all 72 E w and for all E E En, E is open in U &,. 
(2) A collection 3 of subsets of X is called S-suspended from an interlacing & = 
{&n: 72 E w} on X iff for all 12 E w and for all 2 E UEn, 
(c) there exists JIZ E [_‘I+ such that st(z, &Q) n n-AZ = 0. 
(3) A space X is called ultrapure iff every free closed filter 3 on X with the tip (= 
countable intersection property) satisfies: 
3 is S-suspended from an interlacing on X. (*) 
(4) A space X is called astral iff every countably prime free closed filter 3 on X 
with tip satisfies (*). 
(5) A space X is called pure iff every free closed ultrafilter 3 on X with tip satis- 
fies (*). 
It is clear that ultrapure implies astral implies pure. Arhangel’skii in [I] proved that 
countably compact pure spaces are compact and that weakly S&refinable (= weakly 
submeta-Lindelof) spaces are ultrapure. A notable property of astral is that it is arbitrarily 
productive [ 11, which is not true of isocompactness properties in general. Hence an 
arbitrary product of weakly e-refinable spaces is astral, therefore isocompact, although 
it need not be weakly e-refinable. Hewitt in [5] defined realcompactness and gave a 
characterization of it in Theorem 18 of [5] which we use as the definition because of its 
convenience for this paper. 
Definition. A Tychonoff space X is realcompact iff every prime z-filter on X is fixed. 
From this it follows readily that realcompact spaces are astral. However, the class of 
realcompact spaces is arbitrarily productive since realcompact spaces can be characterized 
as homeomorphs of closed subspaces of products of real lines [3, Theorem 3.11.31 so 
they have a somewhat stronger property than being astral. Since weak S&refinability 
implies ultrapure, not all ultrapure spaces are realcompact; for example, every Moore 
space is subparacompact and therefore B-refinable, but the Moore space !P of [4] is not 
realcompact. Theorem 1 of this article describes a general class of spaces which are 
not ultrapure. In [8] TodorCeviC describes a class of hereditarily realcompact spaces and 
Theorem 0.6 of [8] shows that these spaces satisfy the hypotheses of Theorem 1 below. 
It follows that there are realcompact spaces which are not ultrapure. 
The following diagrams summarize some implications among the above concepts and 
other well-known isocompact ones: 
paracompact + metacompact + o-refinable + weakly Q-refinable 
para-Lindelof + meta-Lindelof + o-refinable + S&refinable + 
weakly S&refinable + ultrapure + astral + pure =+ neat + isocompact 
realcompact + astral and realcompact =+ closed-complete + pure 
None of the arrows are reversible. 
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2. Main results 
Theorem 1. Let X be a space of uncountable regular cardinal@ r, such that: 
( 1) X has an open cover U such that W E U, /UI < r, and 
(2) s(X) = sup{]D]: D C X is discrete} + UJ < r. 
Then X is not ultrapure. 
Proof. Let U be a cover of X as described in (1). Then if V 5 U and ]V] < 7, V does 
not cover X. Let 
3’ = {F C X: F is closed in X and for some Ii E U, X \ U 2 F}. 
Then F is a free closed filter on X with tip. By way of contradiction, suppose X is 
ultrapure. Then 3 is d-suspended from an interlacing E = {E,: n E W} on X. Let 
X,,, = lJE, for all 72 E w. Since 
x = U{Xn: 7?, E w}. 
there exists k: E w such that ]Xk] = 7. Fix such a I;. If z E Xk, there exists A, E 
[FIG” such that st(z, Ek) n n A, = 8. For each E E &k, fix an open U(E) such that 
U(E) n XI, = E. Let VI, = {U(E): E E Ek}. Let D C XI, be maximal with respect to 
the property that if 2, y E D, then if z # TV, 1c $! st(y, Vk). Then 
Xk C st(D. &) = u { st(z,&k): IC E D} C st(D. I&). 
Hence D is discrete in X so IDI < 7. Let H = U{d,: z E D}. Then ]HI < w x ‘T = 7, 
and st(D, lk) n n H = 0. For each n: E Xk, there exists lVz E [r]cw such that A, = 
{X \ UF: i E Wz}, where each UF E U. Therefore 
st(z*&k) 2 U{Uf: i E N;}. 
Hence ]Xk] < ( st(D: Ek)] < 7 ‘7. Since ]Xk] = 7, this is a contradiction. q 
Note that a space satisfying the conditions of Theorem 1 cannot be weakly M-refinable 
since it cannot be ultrapure. 
Corollary 1. There exist in ZFC hereditarily realcompact spaces which are not ultrapure 
und therefore astral spaces which are not ultrapure. 
To establish this result we use spaces defined in [8]. 
Todorc’eviC k spaces 
Let P be the set of all monotonically increasing sequences of ww, where ww has the 
Baire space topology. (For other notation used in the statement of Theorem 0.6 see [8].) 
TodorceviC proved the following theorem: 
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Theorem 0.6 [8]. If A is an unbounded subset of P well-ordered by <* in a regular 
order type, then A[<] is a right-separated$rst countable zero-dimensional space with 
no discrete subspace of size A in any of its jinite powers. 
Proof of Corollary 1. Such a space A is hereditarily realcompact since it has a topology 
stronger than the usual topology on a subspace of the real line. These spaces satisfy the 
conditions of Theorem 1 since they are right-separated using a regular order type 7 
and discrete subspaces have size < 7. By Theorem 1 they are hereditarily realcompact 
spaces that are not ultrapure. There are such spaces in ZFC [8] and therefore they are 
ZFC examples of astral spaces which are not ultrapure. 0 
Remark 1. The so-called Juhasz-Kunen-Rudin or J-K-R line [6] is a CH example of 
a hereditarily realcompact space satisfying the hypotheses of Theorem 1; thus it also is 
not ultrapure. 
Remark 2. In [7] Sakai observes that the product X x Y of the J-K-R line X with the 
space Y (which is Example 5L of [4]) is a space which satisfies his definition of neat (an 
isocompactness property implied by pure). Replacing X in Sakai’s example with a ZFC 
Example A of a TodorEeviC space gives a ZFC example of a neat space A x Y. This 
space is neat, using Sakai’s argument, because A is hereditarily realcompact. However, 
A x Y is not pure, since Y is not, nor is it weakly M-refinable. 
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